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Abstract
This paper deals with the generalization and sharp versions of the Wolstenholme cyclic inequality and their applications. The
inequalities of this paper improve and unify corresponding known results. Several interesting inequalities including the celebrated
Ozeki inequality are obtained. Extensions of the Wolstenholme inequality for a complex polygon and the Wolstenholme inequality
for a convex quadrilateral are derived. As example of applications, the well-known Erdo¨s–Mordell inequality is improved in
this paper. In addition, several extensions, unifications and refinements of Gueron–Shafrir’s inequalities and Mitrinovic´–Pecaric’s
inequality are established.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
If x1, x2, x3, ϕ1, ϕ2, ϕ3 are real numbers and ϕ1 + ϕ2 + ϕ3 = pi , the following celebrated cyclic inequality
x21 + x22 + x23 ≥ 2x1x2 cosϕ1 + 2x2x3 cosϕ2 + 2x3x1 cosϕ3 (1)
is known as Wolstenholme’s inequality in the literature (see Mitrinovic´ et al. [1] p. 425, and Mitrinovic´ et al. [2] p.
421). In 1867, Wolstenholme first introduced inequality (1) with a historical account in his book [3]. It is important to
point out that the Wolstenholme inequality provided an effective approach to combine both geometric and arithmetic
inequalities. Based on the Wolstenholme inequality, a large number of new inequalities have been discovered with
applications. In recent years, considerable attention has been given to study this inequality in many different directions
including its various generalizations, unifications, refinements and applications (see Bottema et al. [4], Mitrinovic´ et al.
[5], Murty et al. [6] and Mitrinovic´ et al. [7] and references therein). On the other hand, in 1957, Ozeki [8] proved
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a notable generalization of (1) in his work on the extension of the Erdo¨s–Mordell’s inequality for a convex polygon
which reads as
n∑
i=1
x2i ≥
(
sec
pi
n
)( n∑
i=1
xi xi+1 cosϕi
)
, (2)
where x1, x2, . . . , xn, ϕ1, ϕ2, . . . , ϕn are real numbers, xn+1 = x1, ϕ1 + ϕ2 + · · · + ϕn = pi , n > 2.
In spite of the above work, further study on the Wolstenholme inequality is needed. So, the purpose of this paper
is to prove several new generalized and sharp versions of the Wolstenholme inequality and their applications to the
investigation of geometric inequalities. Under the weak constraint condition ϕ1+ϕ2+· · ·+ϕn = θ , where 0 < θ ≤ pi ,
we prove that the Ozeki type inequalities are valid and can be improved to a sharper version (see Theorem 3 below). It
is shown in this paper that the improved version of (1) can be used to study geometric inequalities. In Section 5 of this
paper, we demonstrate that the above inequalities can effectively be used to improve the Erdo¨s–Mordell inequality
and to establish some new Erdo¨s–Mordell’s type inequalities. Finally, several extensions, unifications and refinements
of Gueron–Shafrir’s inequalities, and Mitrinovic´–Pec˘aric´’s inequality are discussed.
2. Lemmas
The following weighted power means inequality is well-known (see Hardy et al. [9] and Wu [10]).
Lemma 1. If xi ≥ 0, λi > 0, i = 1, 2, . . . , n, 0 < p ≤ 1. Then
n∑
i=1
λi x
p
i ≤
(
n∑
i=1
λi
)1−p ( n∑
i=1
λi xi
)p
. (3)
Inequality (3) is reversed for p ≥ 1 or p < 0. The above inequality in the special case of λ1 = λ2 = · · · = λn = 1
is called power means inequality.
Lemma 2. Let x1, x2, x3, ϕ1, ϕ2, ϕ3 be real numbers, α1, α2, α3 be positive numbers, and let
∑3
i=1 αi =
∑3
i=1 ϕi =
pi . Then
(x21 + x22) cotα1 + (x22 + x23) cotα2 + (x23 + x21) cotα3
≥ 2(x1x2 cosϕ1 cscα1 + x2x3 cosϕ2 cscα2 + x3x1 cosϕ3 cscα3). (4)
Proof. According to
∑3
i=1 αi =
∑3
i=1 ϕ1 = pi , after some simple calculations, we obtain
(x21 + x22) cotα1 + (x22 + x23) cotα2 + (x23 + x21) cotα3
= x21 sinα2 cscα1 cscα3 + x22 sinα3 cscα1 cscα2 + x23 sinα1 cscα2 cscα3. (5)
On the other hand, applying Wolstenholme’s inequality with the substitution: x1 → x1 sinα2, x2 → x2 sinα3,
x3 → x3 sinα1 in (1) yields
x21 sin
2 α2 + x22 sin2 α3 + x23 sin2 α1
≥ 2(x1x2 cosϕ1 sinα2 sinα3 + x2x3 cosϕ2 sinα3 sinα1 + x3x1 cosϕ3 sinα1 sinα2).
Or, equivalently,
x21 sinα2 cscα1 cscα3 + x22 sinα3 cscα1 cscα2 + x23 sinα1 cscα2 cscα3
≥ 2(x1x2 cosϕ1 cscα1 + x2x3 cosϕ2 cscα2 + x3x1 cosϕ3 cscα3). (6)
Combining (5) and (6) leads to inequality (4). The Lemma 2 is proved. 
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3. Generalization and sharpness of Wolstenholme’s inequality
Theorem 1. Let xi , ϕi be real numbers, αi be positive numbers (i = 1, 2, . . . , n), n ≥ 3, and let ∑ni=1 αi =∑n
i=1 ϕi = θ , 0 < θ ≤ pi , xn+1 = x1. Then
n∑
i=1
(
x2i + x2i+1
)
cotαi ≥ 2
(
n∑
i=1
xi xi+1 cosϕi cscαi
)
+ 1
n
n∑
i=1
sin θ cscαi csc(θ − αi ) (|xi | − |xi+1|)2 . (7)
Proof. By using Lemma 2, we have
(x1x2) cosϕ1 cscα1 + (x2x3) cosϕ2 cscα2 + (x3x1) cos
(
pi −
2∑
i=1
ϕi
)
csc
(
pi −
2∑
i=1
αi
)
≤ 1
2
((
x21 + x22
)
cotα1 +
(
x22 + x23
)
cotα2 +
(
x23 + x21
)
cot
(
pi −
2∑
i=1
αi
))
,
(x1x3) cos
(
2∑
i=1
ϕi
)
csc
(
2∑
i=1
αi
)
+ (x3x4) cosϕ3 cscα3 + (x4x1) cos
(
pi −
3∑
i=1
ϕi
)
csc
(
pi −
3∑
i=1
αi
)
≤ 1
2
((
x21 + x23
)
cot
(
2∑
i=1
αi
)
+
(
x23 + x24
)
cotα3 +
(
x24 + x21
)
cot
(
pi −
3∑
i=1
αi
))
,
· · · · · ·
(x1xn−1) cos
(
n−2∑
i=1
ϕi
)
csc
(
n−2∑
i=1
αi
)
+ (xn−1xn) cosϕn−1 cscαn−1
+ (xnx1) cos
(
pi −
n−1∑
i=1
ϕi
)
csc
(
pi −
n−1∑
i=1
αi
)
≤ 1
2
((
x21 + x2n−1
)
cot
(
n−2∑
i=1
αi
)
+
(
x2n−1 + x2n
)
cotαn−1 +
(
x2n + x21
)
cot
(
pi −
n−1∑
i=1
αi
))
.
Summing both sides in the above inequalities respectively, we obtain(
n−1∑
i=1
xi xi+1 cosϕi cscαi
)
− xnx1 cos
(
n−1∑
i=1
ϕi
)
csc
(
n−1∑
i=1
αi
)
≤ 1
2
(
n−1∑
i=1
(
x2i + x2i+1
)
cotαi
)
− 1
2
((
x2n + x21
)
cot
(
n−1∑
i=1
αi
))
.
Using the assumptions,
∑n
i=1 αi =
∑n
i=1 ϕi = θ , 0 < θ ≤ pi , together with the above inequality, it follows that(
n∑
i=1
xi xi+1 cosϕi cscαi
)
− 1
2
(
n∑
i=1
(
x2i + x2i+1
)
cotαi
)
≤ xnx1 (cosϕn cscαn + cos (θ − ϕn) csc (θ − αn))− 12
(
x2n + x21
)
(cotαn + cot (θ − αn))
= 1
2
xnx1 (sin (θ − αn + ϕn)+ sin (θ + αn − ϕn)) cscαn csc (θ − αn)
−1
2
(
x2n + x21
)
(cotαn + cot (θ − αn))
= xnx1 sin θ cos (ϕn − αn) cscαn csc (θ − αn)− 12
(
x2n + x21
)
sin θ cscαn csc (θ − αn)
≤ |xnx1 sin θ cos (ϕn − αn) cscαn csc (θ − αn)| − 12
(
x2n + x21
)
sin θ cscαn csc (θ − αn)
S. Wu, L. Debnath / Computers and Mathematics with Applications 53 (2007) 104–114 107
≤ |xnx1 sin θ cscαn csc (θ − αn)| − 12
(
x2n + x21
)
sin θ cscαn csc (θ − αn)
= −1
2
sin θ cscαn csc (θ − αn) (|xn| − |x1|)2 .
That is,(
n∑
i=1
xi xi+1 cosϕi cscαi
)
− 1
2
(
n∑
i=1
(
x2i + x2i+1
)
cotαi
)
≤ −1
2
sin θ cscαn csc (θ − αn) (|xn| − |x1|)2 .
An argument similar to the one given above gives(
n∑
i=1
xi xi+1 cosϕi cscαi
)
− 1
2
(
n∑
i=1
(
x2i + x2i+1
)
cotαi
)
≤ −1
2
sin θ cscα j csc
(
θ − α j
) (∣∣x j ∣∣− ∣∣x j+1∣∣)2 ,
j = 1, 2, . . . , n − 1.
Summing both sides in the above inequalities respectively from j = 1 to j = n gives
n
((
n∑
i=1
xi xi+1 cosϕi cscαi
)
− 1
2
(
n∑
i=1
(
x2i + x2i+1
)
cotαi
))
≤ −1
2
n∑
i=1
sin θ cscαi csc (θ − αi ) (|xi | − |xi+1|)2 .
This is equivalent to inequality (7). The proof of Theorem 1 is complete. 
The following corollary follows from Theorem 1 directly.
Corollary 1. Let xi , ϕi be real numbers, αi be positive numbers (i = 1, 2, . . . , n), n ≥ 3, and let ∑ni=1 αi =∑n
i=1 ϕi = θ , 0 < θ ≤ pi , xn+1 = x1. Then
n∑
i=1
(
x2i + x2i+1
)
cotαi ≥ 2
(
n∑
i=1
xi xi+1 cosϕi cscαi
)
. (8)
Remark 1. In Corollary 1, the special case α1 = α2 = · · · = αn = pin yields the foregoing Ozeki’s inequality (2). In
the following theorem, we give another generalization of the inequality (8).
Theorem 2. Let xi be real numbers, 0 < αi , 0 < ϕi < pi2 (i = 1, 2, . . . , n) , n ≥ 3, and let
∑n
i=1 αi =
∑n
i=1 ϕi = θ ,
0 < θ ≤ pi , xn+1 = x1. Then, for 0 < k ≤ 1, we have
n∑
i=1
(
x2i + x2i+1
)
cotαi ≥ 2
(
seck−1 θ
n
)( n∑
i=1
xi xi+1 cosk ϕi cscαi
)
. (9)
For k ≥ 1 and 0 < αi < pi2 (i = 1, 2, . . . , n), we have
n∑
i=1
(
x2i + x2i+1
)
cotk αi ≥ 22−k
(
n∑
i=1
xi xi+1 cosϕi csck αi
)
. (10)
Proof. Case (I). When 0 < k ≤ 1. By the weighted power means inequality, we have
n∑
i=1
xi xi+1 cosk ϕi cscαi
≤
n∑
i=1
|xi xi+1| cosk ϕi cscαi ≤
(
n∑
i=1
|xi xi+1| cscαi
)1−k ( n∑
i=1
|xi xi+1| cosϕi cscαi
)k
. (11)
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In addition, using Corollary 1 gives
n∑
i=1
|xi | |xi+1| cosϕi cscαi ≤ 12
n∑
i=1
(
|xi |2 + |xi+1|2
)
cotαi ,
that is
n∑
i=1
|xi xi+1| cosϕi cscαi ≤ 12
n∑
i=1
(
x2i + x2i+1
)
cotαi . (12)
On the other hand, we put ϕ1 = ϕ2 = · · · = ϕn = θn in (12), so that
n∑
i=1
|xi xi+1| cscαi ≤
(
1
2
sec
θ
n
) n∑
i=1
(
x2i + x2i+1
)
cotαi . (13)
Combining inequalities (11)–(13) leads to inequality (9).
Case (II). When k ≥ 1. Observe that inequality (8) can be rewritten as follows:
n+1∑
i=2
x2i (cotαi−1 + cotαi ) ≥ 2
n∑
i=1
xi xi+1 cosϕi cscαi (xn+1 = x1, αn+1 = α1) .
Replacing xi by |xi | (cotαi−1 + cotαi ) k−12 (i = 2, 3 . . . , n + 1) in the above inequalities respectively, we obtain
n+1∑
i=2
x2i (cotαi−1 + cotαi )k ≥ 2
n∑
i=1
|xi xi+1| ((cotαi−1 + cotαi ) (cotαi + cotαi+1)) k−12 cosϕi cscαi . (14)
Since
n∑
i=1
|xi xi+1| ((cotαi−1 + cotαi ) (cotαi + cotαi+1)) k−12 cosϕi cscαi
=
n∑
i=1
|xi xi+1| (sin (αi−1 + αi ) sin (αi + αi+1) cscαi−1 cscαi+1) k−12 cosϕi csck αi
=
n∑
i=1
|xi xi+1| (1+ sinαi sin (αi−1 + αi + αi+1) cscαi−1 cscαi+1) k−12 cosϕi csck αi ,
and note that hypotheses k ≥ 1,∑ni=1 αi ≤ pi , 0 < αi < pi2 , 0 < ϕi < pi2 (i = 1, 2, . . . , n), we conclude
n∑
i=1
|xi xi+1| ((cotαi−1 + cotαi ) (cotαi + cotαi+1)) k−12 cosϕi cscαi ≥
n∑
i=1
xi xi+1 cosϕi csck αi . (15)
Applying the power means inequality together with (14) and (15), it follows that
n∑
i=1
(
x2i + x2i+1
)
cotk αi =
n+1∑
i=2
x2i
(
cotk αi−1 + cotk αi
)
≥ 21−k
n+1∑
i=2
x2i (cotαi−1 + cotαi )k
≥ 22−k
n∑
i=1
xi xi+1 cosϕi csck αi .
The inequality (10) is proved. This completes the proof of Theorem 2. 
The following inequality is a remarkable improvement of Ozeki’s inequality:
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Theorem 3. Let xi , ϕi be real numbers (i = 1, 2, . . . , n) , n ≥ 3, and let∑ni=1 ϕi = θ, 0 < θ ≤ pi , xn+1 = x1. Then
n∑
i=1
x2i ≥
(
sec
θ
n
)( n∑
i=1
xi xi+1 cosϕi
)
+ 1
n
(sin θ/ (1+ sin θ))
n∑
i=1
(|xi | − |xi+1|)2 . (16)
Proof. Taking α1 = α2 = · · · = αn = θn in Theorem 1 yields
n∑
i=1
x2i ≥
(
sec
θ
n
)( n∑
i=1
xi xi+1 cosϕi
)
+
(
1
2n
sin θ sec
θ
n
csc
n − 1
n
θ
) n∑
i=1
(|xi | − |xi+1|)2 .
Since
1
2n
sin θ sec
θ
n
csc
n − 1
n
θ = 1
n
(
sin θ
/(
sin θ + sin n − 2
n
θ
))
.
Consequently, we get the inequality (16). The proof is complete. 
Remark 2. It is obvious that inequality (16) represents the sharpened version of the Wolstenholme’s inequality and
Ozeki’s inequality. Especially, if ϕ1, ϕ2, . . . , ϕn are the acute angles, we have the following exponential version of
inequality (16).
Theorem 4. Let xi be real numbers, 0 < ϕi < pi2 (i = 1, 2, . . . , n) , n ≥ 3, and let
∑n
i=1 ϕi = θ , 0 < θ ≤ pi ,
0 < k ≤ 1, xn+1 = x1. Then
n∑
i=1
x2i ≥
(
seck
θ
n
)( n∑
i=1
xi xi+1 cosk ϕi
)
+ 1
n
(sin θ/ (1+ sin θ))
n∑
i=1
(|xi | − |xi+1|)2 . (17)
Proof. When k = 1, inequality (17) is equivalent to inequality (16). When 0 < k < 1, by using the weighted power
means inequality, we obtain
n∑
i=1
xi xi+1 cosk ϕi ≤
n∑
i=1
|xi xi+1| cosk ϕi ≤
(
n∑
i=1
|xi xi+1|
)1−k ( n∑
i=1
|xi xi+1| cosϕi
)k
. (18)
In addition, Theorem 3 gives
n∑
i=1
|xi xi+1| cosϕi ≤
(
cos
θ
n
)[( n∑
i=1
x2i
)
− 1
n
(sin θ/ (1+ sin θ))
n∑
i=1
(|xi | − |xi+1|)2
]
. (19)
On the other hand, we note that(
n∑
i=1
x2i
)
− 1
n
(sin θ/ (1+ sin θ))
n∑
i=1
(|xi | − |xi+1|)2 ≥
(
n∑
i=1
x2i
)
− 1
n
n∑
i=1
(|xi | − |xi+1|)2
=
(
1− 2
n
)( n∑
i=1
x2i
)
+ 2
n
(
n∑
i=1
|xi xi+1|
)
≥
n∑
i=1
|xi xi+1| ,
that is,
n∑
i=1
|xi xi+1| ≤
(
n∑
i=1
x2i
)
− 1
n
(sin θ/ (1+ sin θ))
n∑
i=1
(|xi | − |xi+1|)2 . (20)
Combining inequalities (18)–(20) leads to inequality (17) immediately. This completes the proof of Theorem 4.

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4. Another extension of Wolstenholme’s inequality
In this section we discuss a new type of Wolstenholme’s inequality, and a class of Wolstenholme’s inequality for
convex polygon.
The Wolstenholme’s inequality for a triangle is well-known, which states as
x2 + y2 + z2 > 2xy cos A + 2yz cos B + 2zx cosC, (21)
where x, y, z are real numbers, A, B,C are the angles of a triangle.
Here we extend the inequality (21) to a new class of inequalities involving two convex polygons.
Proposition 1. Let x1, x2, . . . , xn be real numbers, and let A1, A2, . . . , An and A′1, A′2, . . . , A′n be the angles of two
convex polygons, n ≥ 3, 0 < λ ≤ 1, xn+1 = x1. Then
n∑
i=1
(
x2i + x2i+1
)(
cos
λA′i
n − 2
/
sin
λA′i
n − 2
)
≥ 2
n∑
i=1
xi xi+1
(
cos
λAi
n − 2
/
sin
λA′i
n − 2
)
+
(
sin λpi
n
) n∑
i=1
(
csc
λA′i
n − 2 csc
(
λpi − λA
′
i
n − 2
))
(|xi | − |xi+1|)2 . (22)
Proof. From the known relation for the convex polygon
∑n
i=1 Ai =
∑n
i=1 A′i = (n − 2) pi and the hypothesis
0 < λ ≤ 1, it follows that
n∑
i=1
λAi/ (n − 2) =
n∑
i=1
λA′i/ (n − 2) = λpi ≤ pi.
Now utilizing Theorem 1 with the substitution ϕi = λAi/ (n − 2), αi = λA′i/ (n − 2) (i = 1, 2, . . . , n) in (7)
yields inequality (22) immediately. The Proposition 1 is proved. 
Putting λ = 1 in (22) gives the following result:
Proposition 2. Let x1, x2, . . . , xn be real numbers, and let A1, A2, . . . , An and A′1, A′2, . . . , A′n be the angles of two
convex polygons, n ≥ 3, xn+1 = x1. Then
n∑
i=1
(
x2i + x2i+1
)(
cos
A′i
n − 2
/
sin
A′i
n − 2
)
≥ 2
n∑
i=1
xi xi+1
(
cos
Ai
n − 2
/
sin
A′i
n − 2
)
. (23)
Remark 3. In the special case x1 = x2 = · · · = xn = 1, inequality (23) becomes
n∑
i=1
(
cos
A′i
n − 2
/
sin
A′i
n − 2
)
≥
n∑
i=1
(
cos
Ai
n − 2
/
sin
A′i
n − 2
)
, (24)
where A1, A2, . . . , An and A′1, A′2, . . . , A′n are the angles of two convex polygons.
Clearly, inequality (24) is an interesting inequality related to two convex polygons. Putting A′1 = A′2 = · · · =
A′n = (n − 2) pi/n in (22), we get
Proposition 3. Let x1, x2, . . . , xn be real numbers, and let A1, A2, . . . , An be the angles of a convex polygon,
n ≥ 3, 0 < λ ≤ 1, xn+1 = x1. Then
n∑
i=1
x2i ≥
(
sec
λpi
n
)( n∑
i=1
xi xi+1 cos
λAi
n − 2
)
+ 1
2
(
sin λpi
n
sec
λpi
n
csc
λpi(n − 1)
n
) n∑
i=1
(|xi | − |xi+1|)2 . (25)
In particular, taking λ = 1 in (25), we obtain the following Wolstenholme type inequality for a convex polygon.
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Proposition 4. For any real numbers x1, x2, . . . , xn and angles A1, A2, . . . , An of a convex polygon, n ≥ 3, we have
the following inequality
x21 + x22 + · · · + x2n ≥
(
sec
pi
n
)(
x1x2 cos
A1
n − 2 + x2x3 cos
A2
n − 2 + · · · + xnx1 cos
An
n − 2
)
. (26)
Remark 4. When n = 3, inequality (26) is the Wolstenholme’s inequality for a triangle. In particular, taking n = 4
in (26), the following Wolstenholme’s inequality for convex quadrilateral is derived.
x2 + y2 + z2 + u2 ≥ √2
(
xy cos
A
2
+ yz cos B
2
+ zu cos C
2
+ ux cos D
2
)
, (27)
where x, y, z, u are real numbers, A, B,C, D are the angles of a convex quadrilateral.
5. Application to improvement of Erdo¨s–Mordell’s inequality
As examples of applications, we improve the well-known Erdo¨s–Mordell inequality by using the above results and
some interesting results are obtained in this section.
In what follows, we state that A1, A2, . . . , An denote the vertices of the convex polygonPn (n ≥ 3), Q is an interior
point of Pn . Let Ri be the distance from Q to the vertex Ai , ri the distance from Q to the side Ai Ai+1, wi the segment
of the bisector of the angle AiQAi+1 from Q to its intersection with the side Ai Ai+1 (i = 1, 2, . . . , n, An+1 = A1).
The well-known Erdo¨s–Mordell’s inequality states that if Q is a point in a triangle A1A2A3 whose distances are
R1, R2, R3 from the vertices and r1, r2, r3 from the sides. Then
R1 + R2 + R3 ≥ 2(r1 + r2 + r3). (28)
This inequality was proposed by Erdo¨s [11] as a conjecture and proved by Mordell and Barrow [12]. Some related
results with historical comments on this problem can be found in [13,14].
Lenhard [15] established a remarkable inequality concerning the convex polygon as an extension of
Erdo¨s–Mordell’s inequality as follows
n∑
i=1
Ri ≥
(
sec
pi
n
) n∑
i=1
wi ≥
(
sec
pi
n
) n∑
i=1
ri . (29)
Dar and Gueron [16] proved a weighted Erdo¨s–Mordell’s inequality:
λ1R1 + λ2R2 + λ3R3 ≥ 2
(√
λ1λ2r1 +
√
λ2λ3r2 +
√
λ3λ1r3
)
, (30)
where λ1, λ2, λ3 are positive numbers.
In a recent paper, Gueron and Shafrir [17] generalized (30) as follows:
n∑
i=1
λi Ri ≥
(
sec
pi
n
) n∑
i=1
√
λiλi+1ri , (31)
where λ1, λ2, . . . , λn are positive numbers and λn+1 = λ1.
We give here several unified and further extensions of the above inequalities.
Proposition 5. Let λi , µi , αi be positive numbers (i = 1, 2, . . . , n), and let ∑ni=1 αi = pi . Then for k ≥ 1, we have
the inequality
n∑
i=1
(
λi Rki + λi+1Rki+1
)
cotαi
≥ 2
n∑
i=1
(√
λiλi+1µiµi+1 (Ri + Ri+1)
/
(µi Ri + µi+1Ri+1)
)
wki cscαi . (32)
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For 0 < k ≤ 1, we have the inequality
n∑
i=1
(
λi Rki + λi+1Rki+1
)
cotαi
≥ 2
(
seck−1 pi
n
) n∑
i=1
(√
λiλi+1µiµi+1
(
Rki + Rki+1
)/(
µi Rki + µi+1Rki+1
))
wki cscαi , (33)
where λn+1 = λ1, µn+1 = µ1, Rn+1 = R1.
Proof. We use ϕi to signify 12 6 AiQAi+1 (i = 1, 2, . . . , n) and infer that
n∑
i=1
ϕi = pi, 0 < ϕi < pi2 , i = 1, 2, . . . , n.
Applying Corollary 1 and Theorem 2 with the substitution xi =
√
λi Rki (i = 1, 2, . . . , n) in (8) and (9),
respectively, we obtain the inequalities:
n∑
i=1
(
λi Rki + λi+1Rki+1
)
cotαi ≥ 2
n∑
i=1
√
λiλi+1
(√
Ri Ri+1
)k
cosϕi cscαi
≥ 2
n∑
i=1
√
λiλi+1
(√
Ri Ri+1 cosϕi
)k
cscαi (k ≥ 1) , (34)
and
n∑
i=1
(
λi Rki + λi+1Rki+1
)
cotαi ≥ 2
(
seck−1 pi
n
) n∑
i=1
√
λiλi+1
(√
Ri Ri+1 cosϕi
)k
cscαi (0 < k ≤ 1) . (35)
In view of the formula for the bisector length of the triangle AiQAi+1:
wi = (2Ri Ri+1 cosϕi ) / (Ri + Ri+1) , i = 1, 2, . . . , n,
we have
n∑
i=1
√
λiλi+1
(√
Ri Ri+1 cosϕi
)k
cscαi =
n∑
i=1
√
λiλi+1
(
(Ri + Ri+1)
/(
2
√
Ri Ri+1
))k
wki cscαi . (36)
Case (I). When k ≥ 1. Applying the arithmetic–geometric means inequality and the weighted power means
inequality to (36), respectively, it follows that
n∑
i=1
√
λiλi+1
(
(Ri + Ri+1)
/(
2
√
Ri Ri+1
))k
wki cscαi
=
n∑
i=1
√
λiλi+1µiµi+1
(
(Ri + Ri+1)
/(
2
√
µ
1/k
i µ
1/k
i+1Ri Ri+1
))k
wki cscαi
≥
n∑
i=1
√
λiλi+1µiµi+1
(
(Ri + Ri+1)
/(
µ
1/k
i Ri + µ1/ki+1Ri+1
))k
wki cscαi
≥
n∑
i=1
√
λiλi+1µiµi+1
(
(Ri + Ri+1)
/(
(µi Ri + µi+1Ri+1)1/k (Ri + Ri+1)1−(1/k)
))k
wki cscαi
=
n∑
i=1
√
λiλi+1µiµi+1
(
(Ri + Ri+1)
/
(µi Ri + µi+1Ri+1)
)
wki cscαi .
Combining (34) and (36) and the above inequality yield inequality (32).
S. Wu, L. Debnath / Computers and Mathematics with Applications 53 (2007) 104–114 113
Case (II). When 0 < k ≤ 1. Utilizing the power means inequality and the arithmetic–geometric means inequality
to (36), respectively, it follows that
n∑
i=1
√
λiλi+1
(
(Ri + Ri+1)
/(
2
√
Ri Ri+1
))k
wki cscαi
=
n∑
i=1
√
λiλi+1
((
(Ri + Ri+1)
/
2
)k (√
Rki R
k
i+1
))
wki cscαi
≥
n∑
i=1
√
λiλi+1
(((
Rki + Rki+1
)/
2
)/(√
Rki R
k
i+1
))
wki cscαi
=
n∑
i=1
(√
λiλi+1µiµi+1
((
Rki + Rki+1
)/
2
)/(√
µiµi+1Rki R
k
i+1
))
wki cscαi
≥
n∑
i=1
(√
λiλi+1µiµi+1
(
Rki + Rki+1
)/(
µi Rki + µi+1Rki+1
))
wki cscαi .
Combining (35) and (36) and the above inequality lead to inequality (33).
The proof of Proposition 5 is complete. We give here some direct consequences of Proposition 5. 
Choosing µi = λi and αi = pin (i = 1, 2, . . . , n) in Proposition 5, we obtain
Proposition 6. Let λ1, λ2, . . . , λn be positive numbers. Then for k ≥ 1, we have
n∑
i=1
λi Rki ≥
(
sec
pi
n
) n∑
i=1
(
λiλi+1 (Ri + Ri+1)
/
(λi Ri + λi+1Ri+1)
)
wki . (37)
For 0 < k ≤ 1, we have
n∑
i=1
λi Rki ≥
(
seck
pi
n
) n∑
i=1
(
λiλi+1
(
Rki + Rki+1
)/(
λi Rki + λi+1Rki+1
))
wki , (38)
where λn+1 = λ1, Rn+1 = R1.
Remark 5. Substituting λ1 = λ2 = · · · = λn = k = 1 in Proposition 6 yields the foregoing Lenhard’s inequality
(29). Moreover, taking λi = 1/Rki , i = 1, 2, . . . , n in (38), an extension and refinement of Mitrinovic´–Pec˘aric´’s [18]
inequality is derived as follows:
(
2 cosk
pi
n
)n ( n∏
i=1
Ri
)k
≥
(
1
n
n∑
i=1
(
wki + wki+1
)/
Rki+1
)n ( n∏
i=1
Ri
)k
≥
n∏
i=1
(
wki + wki+1
)
, (39)
where 0 < k ≤ 1, wn+1 = w1, Rn+1 = R1.
Putting µ1 = µ2 = · · ·µn = 1 in Proposition 5 with the assumption γ = min{k, 1}, we get the following
inequality
Proposition 7. Let λ1, λ2, . . . , λn , α1, α2, . . . , αn , k be positive numbers, and let
∑n
i=1 αi = pi , γ = min{k, 1},
λn+1 = λ1, Rn+1 = R1. Then
n∑
i=1
(
λi Rki + λi+1Rki+1
)
cotαi ≥ 2
(
secγ−1 pi
n
) n∑
i=1
√
λiλi+1wki cscαi . (40)
In particular, choosing α1 = α2 = · · · = αn = pin in inequality (40) together with the well-known inequality
wi ≥ ri (i = 1, 2, . . . , n), we get the following generalization of Gueron–Shafrir’s inequality.
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Proposition 8. Let λ1, λ2, . . . , λn , k be positive numbers, and let γ = min{k, 1}, λn+1 = λ1. Then
n∑
i=1
λi Rki ≥
(
secγ
pi
n
) n∑
i=1
√
λiλi+1wki ≥
(
secγ
pi
n
) n∑
i=1
√
λiλi+1rki . (41)
Remark 6. In Proposition 8, taking k = 1 gives Gueron–Shafrir’s inequality (31), specially, when n = 3 and
λ1 = λ2 = λ3 = k = 1 it yields the Erdo¨s–Mordell’s inequality.
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